A Kuranishi space is a topological space equipped with a Kuranishi structure, defined by Fukaya and Ono. Kuranishi structures occur naturally on many moduli spaces in differential geometry, and in particular, in moduli spaces of stable J-holomorphic curves in symplectic geometry.
Introduction
In [11] the author developed theories of Kuranishi bordism KB * , KB ac * (Y ; R) and Kuranishi homology KH * , KH we * (Y ; R), for Y an orbifold and R a commutative ring or Q-algebra. These are intended primarily as tools for use in areas of symplectic geometry involving J-holomorphic curves. This was illustrated in [11, §4, §5.4, §7.5] by defining Gromov-Witten type invariants in Kuranishi bordism and homology, counting closed J-holomorphic curves in a compact symplectic manifold (M, ω), and showing they are independent of J and other choices. The sequels [1, 12, 13] will apply these theories to reformulate and simplify Lagrangian Floer homology, define open Gromov-Witten invariants, and prove the integrality conjecture for Gopakumar-Vafa invariants. The techniques should also have applications in other areas, such as Contact Homology [7] , Symplectic Field Theory [8] , String Topology [4] , and Topological CFT [6] .
This paper is an introduction to and summary of [11] , excluding the applications to Gromov-Witten theory [11, §4, §5.4, §7.5] . I give the main definitions and results, omitting their proofs, with explanations and motivation. My reason for writing this is that I expect the length of [11] (presently 133 pages) will deter people from reading it. The good news is that you really do not need to read it : all the basic facts about Kuranishi bordism and Kuranishi homology that you are likely to need, either to read papers using it such as [1, 12, 13] , or to apply it to prove your own theorems, can be summarized much more briefly, and that is what this paper tries to do.
The paper is called a User's Guide, by analogy with what you would expect of a good user's guide, say for a car or a computer. It should give you a broad overview of how the machine actually works, and detailed instructions on how to use it in practice, but it should probably not tell you exactly where the carburettor is, or how the motherboard is wired. On this principle, I have tried to be comprehensive about material I expect may be useful to somebody, such as the list of properties of gauge-fixing data in Theorem 4.1, but I have given only a vague description of what gauge-fixing data is, since the actual definition is inside the black box of [11] , and not relevant to applications.
Let Y be an orbifold, and R a commutative ring. We shall define four new bordism and homology theories of Y with coefficients in R. The simplest is the Kuranishi bordism ring KB * (Y ; R). Elements of KB * (Y ; R) are finite sums a∈A ρ a [X a , f a ] for ρ a ∈ R, where [X a , f a ] is the isomorphism class of (X a , f a ), with X a a compact oriented Kuranishi space without boundary and f a : X a → Y a strong submersion. The relations in KB * (Y ; R) are that
and [∂Z, g| ∂Z ] = 0, where Z is a compact oriented Kuranishi space with boundary but without corners and g : Z → Y is a strong submersion. There is an associative, supercommutative intersection product • on KB * (Y ; R), given by fibre products of Kuranishi spaces.
We also define the almost complex Kuranishi bordism group KB ac * (Y ; R), whose elements are finite sums a∈A ρ a X a , (J a , K a ), f a where (J a , K a ) is an almost complex structure on X a . Almost complex structures occur naturally on Kuranishi moduli spaces of J-holomorphic curves without boundary, [11, Th. 4.8] . Almost complex Kuranishi bordism is a natural context for closed Gromov-Witten theory, and will be used in [13] to prove the integrality conjecture for Gopakumar-Vafa invariants.
We also define two homology theories, Kuranishi homology KH * (Y ; R) and (requiring R to be a Q-algebra) weak Kuranishi homology KH we * (Y ; R). Elements of both are finite sums a∈A ρ a [X a , f a , G a ] for ρ a ∈ R, where X a is a compact oriented Kuranishi space with boundary and corners, f a : X a → Y is a strong submersion, and G a is some extra gauge-fixing data which we have to add to make the homology theories well-behaved.
The difference between KH * (Y ; R) and KH we * (Y ; R) is in the relations we impose. Both have an associative, supercommutative intersection product •, given by fibre products of Kuranishi spaces. There are natural projections from Kuranishi bordism groups KB * , KB ac * (Y ; R) and from singular homology H si * (Y ; R) to Kuranishi homology KH * , KH we * (Y ; R), which are ring homomorphisms. Our most important result, Theorem 4.4, states that the projection Π we si : H si * (Y ; R) → KH we * (Y ; R) is an isomorphism. Because of this, in Lagrangian Floer homology [9] , [1] , and open GromovWitten theory [12] , and contact homology [7] , and Symplectic Field Theory [8] , we can use weak Kuranishi homology as a substitute for singular homology. This has very considerable advantages. There is no need to mix Kuranishi spaces and singular chains: we can use Kuranishi spaces throughout. Moduli spaces need not be perturbed with multisections, and most of the transversality assumptions can be omitted. We can also use Kuranishi homology instead, which is a stronger invariant, and may allow us to work over Z rather than Q.
An important feature of Kuranishi bordism and homology is that for Y oriented there are associative, supercommutative intersection products
we * (Y ; R), and significantly, on the chains KC * (Y ; R), KC we * (Y ; R) of Kuranishi homology. This relies on the good properties of gauge-fixing data in Theorem 4.1 below. Note that this is not true of singular homology, for instance: to define the intersection product in singular homology, we must choose two simplicial chains which intersect transversely, and then choose a triangulation of their intersection into simplices. So at the chain level, Kuranishi homology behaves much better than singular homology. This is one reason why our reformulation of Lagrangian Floer homology using Kuranishi homology [1] is much simpler than Fukaya et al. [9] . But also, it may mean that Kuranishi homology is a useful tool in areas which a priori have little to do with Kuranishi spaces, but in which it is important to have a homology theory with good intersection properties at the chain level. Two possible such areas are the string topology of Chas and Sullivan [4] , which involves chains on infinite-dimensional loop spaces, and the categorical approach to Topological Conformal Field Theories of Costello [6] , which involves a choice of chain complex for homology, applied to moduli spaces of Riemann surfaces.
We begin in §2 by discussing Kuranishi spaces. Kuranishi bordism is explained in §3, and Kuranishi homology in §4. The only new material which is not in [11] is §4.7, and this is a development of ideas sketched in [11, Rem. 5.7(c) ]. and notation of [11, §2- §3] , which have some significant modifications from those of Fukaya and Ono.
Kuranishi structures on topological spaces
Let X be a paracompact Hausdorff topological space throughout.
(i) V p is a smooth orbifold, which may or may not have boundary or corners;
(ii) E p → V p is an orbifold vector bundle over V p , the obstruction bundle; (iii) s p : V p → E p is a smooth section, the Kuranishi map; and (iv) ψ p is a homeomorphism from s 
Definition 2.3. Let (V p , E p , s p , ψ p ) and (V q , E q , s q , ψ q ) be Kuranishi neighbourhoods of p ∈ X and q ∈ ψ p (s −1 p (0)) respectively. We call a pair (φ pq ,φ pq ) a coordinate change from (V q , . . . , ψ q ) to (V p , . . . , ψ p ) if:
(a) φ pq : V q → V p is a smooth embedding of orbifolds; 
where N φpq(Vq) V p is the normal orbifold vector bundle of φ pq (V q ) in V p . Pulling back to V q using φ pq , and noting that φ * pq (F pq ) =φ pq (E q ), gives a morphism of orbifold vector bundles over V q :
We require that (1) should be an isomorphism over s 
also lies in the germ. As a shorthand, we say that some condition on the germ holds for sufficiently small (V p , . . . , ψ p ) if whenever (V p , . . . , ψ p ) lies in the germ, the condition holds for (U p , . . . , ψ p | Up ) for all sufficiently small U p as above.
A Kuranishi structure κ on X assigns a germ of Kuranishi neighbourhoods for each p ∈ X and a germ of coordinate changes between them in the following sense: for each p ∈ X, for all sufficiently small (V p , . . . , ψ p ) in the germ at p, for all q ∈ Im ψ p , and for all sufficiently small (V q , . . . , ψ q ) in the germ at q, we are given a coordinate change (φ pq ,φ pq ) from (V q , . . . , ψ q ) to (V p , . . . , ψ p ). These coordinate changes should be compatible with equivalence in the germs at p, q in the obvious way, and satisfy:
We call vdim X = dim V p − rank E p the virtual dimension of the Kuranishi structure. A Kuranishi space (X, κ) is a topological space X with a Kuranishi structure κ. Usually we refer to X as the Kuranishi space, suppressing κ.
Loosely speaking, the above definitions mean that a Kuranishi space is locally modelled on the zeroes of a smooth section of an orbifold vector bundle over an orbifold. Moduli spaces of J-holomorphic curves in symplectic geometry can be given Kuranishi structures in a natural way, [9] [10] [11] .
Strongly smooth maps and strong submersions
In [11, Def. 3 .1] we define strongly smooth maps f : X → Y , for Y an orbifold. Definition 2.5. Let X be a Kuranishi space, and Y a smooth orbifold. A strongly smooth map f : X → Y consists of, for all p ∈ X and all sufficiently small (V p , E p , s p , ψ p ) in the germ of Kuranishi neighbourhoods at p, a choice of smooth map f p : V p → Y , such that for all q ∈ Im ψ p and sufficiently small (V q , . . . , ψ q ) in the germ at q with coordinate change (φ pq ,φ pq ) from (V q , . . . , ψ q ) to (V p , . . . , ψ p ) in the germ of coordinate changes, we have f p • φ pq = f q . Then f induces a continuous map f : X → Y in the obvious way.
We call f a strong submersion if all the f p are submersions, that is, the maps df p : T V p → f * p (T Y ) are surjective, and also when V p has boundary or corners, f p | ∂Vp : ∂V p → Y is a submersion, and the restriction of f p to each codimension k corner is a submersion for all k.
There is also [11, Def. 3 .2] a definition of strongly smooth maps f : X → Y for X, Y Kuranishi spaces, which we will not give. A strong diffeomorphism f : X → Y is a strongly smooth map with a strongly smooth inverse. It is the natural notion of isomorphism of Kuranishi spaces.
Boundaries of Kuranishi spaces
We now define the boundary ∂X of a Kuranishi space X, which is itself a Kuranishi space of dimension vdim X − 1. To understand the definition, recall that in Definition 2.1(i), V p may be an orbifold with boundary, and with corners. For simplicity, we begin by explaining manifolds with corners, and their boundaries.
An n-manifold M without boundary is locally modelled on R n . An nmanifold M with boundary, but without corners, is locally modelled on [0, ∞) × R n−1 . In [11, §2.1], we define an n-manifold with corners to be locally modelled on polyhedral cones in R n . But for most purposes, it is enough to think of n-manifolds with corners as locally modelled on [0, ∞) k × R n−k , for 0 k n. To motivate the definition of the boundary ∂M of a manifold M with corners,
would not be a manifold with corners near (0, 0). Instead, we take ∂ [0, ∞) 2 to be the disjoint union of the two boundary strata [0, ∞)×{0} and {0}×[0, ∞). This is a manifold with boundary, but now
We define the boundary ∂M of an n-manifold M with corners to be the set of pairs (p, B), where p ∈ M and B is a local choice of connected (n − 1)-dimensional boundary stratum of M containing p. Thus, if p lies in a codimension k corner of M locally modelled on [0, ∞) k × R n−k then p is represented by k distinct points (p, B i ) in ∂M for i = 1, . . . , k. Then ∂M is an (n − 1)-manifold with corners. Note that ∂M is not a subset of M , but has a natural immersion ι : ∂M → M mapping (p, B) → p. Usually we suppress ι, and talk of restricting data on M to ∂M , when really we mean the pullback by ι.
Here [11, Def. 3.4 ] is the analogue of this for Kuranishi spaces.
Definition 2.6. Let X be a Kuranishi space. We shall define a Kuranishi space ∂X called the boundary of X. The points of ∂X are equivalence classes
, where p ∈ X, (V p , . . . , ψ p ) lies in the germ of Kuranishi neighbourhoods at p, and B is a local boundary component of V p at ψ
. . ,ψ q ), C) are equivalent if p = q, and the Kuranishi neighbourhoods (V p , . . . , ψ p ), (Ṽ q , . . . ,ψ q ) are equivalent so that we are given an isomorphism (α,α) :
We can define a unique natural topology and Kuranishi structure on ∂X,
for (q, B) ∈ ∂V p with s p (q) = 0. Then vdim(∂X) = vdim X − 1, and ∂X is compact if X is compact.
Let M be an n-manifold with corners, so that ∂ 2 M is an (n−1)-manifold with corners. Points of ∂ 2 M may be written as (p, B 1 , B 2 ), where p ∈ M and B 1 , B 2 are distinct local choices of connected (n− 1)-dimensional boundary strata of M containing p. Define σ :
, σ is a smooth, free involution of ∂ 2 M , which is orientation-reversing if M is oriented. The same construction works for orbifolds, and for Kuranishi spaces. That is, if X is a Kuranishi space then as in [11, §3.2] there is a natural strong diffeomorphism σ :
If X is oriented as in §2.5 below then σ is orientation-reversing.
Fibre products of Kuranishi spaces
Let X, X ′ , Y be topological spaces and f :
If X, X ′ , Y are manifolds and f, f ′ are smooth with at least one of f, f
′ is a submanifold of X × X ′ , and so a manifold. Fibre products can be defined for orbifolds [11, §2.2] , but there are some subtleties to do with stabilizer groups. To explain this, first consider the example in which U, U ′ , V are smooth manifolds, and Γ, Γ ′ , ∆ are finite groups acting on U, U ′ , V by diffeomorphisms so that U/Γ, U ′ /Γ ′ , V /∆ are orbifolds, and ρ : Γ → ∆, ρ ′ : Γ ′ → ∆ are group homomorphisms, and f : U → V , f ′ : U ′ → V are smooth ρ-and ρ ′ -equivariant maps at least one of which is a submersion. Then f, f ′ induce smooth maps of orbifolds f * :
It turns out that the right answer for the orbifold fibre product is
Here π :
is the fibre product of smooth manifolds, and Γ × Γ ′ acts on the
, so that the quotient is an orbifold. Now (3) coincides as a topological space with the topological fibre product (2) (2) is a finite surjective map, but not necessarily injective.
This motivates the definition of fibre products of orbifolds. Let X, X ′ , Y be orbifolds, and f : X → Y , f ′ : X ′ → Y be smooth maps, at least one of which is a submersion. Then for p ∈ X and p
Thus we can form the double coset space
As a set, we define
We give this the structure of a smooth orbifold in a natural way, such that if
Here is the analogous definition for Kuranishi spaces [11, Def. 3.5] .
Definition 2.7. Let X, X ′ be Kuranishi spaces, Y be a smooth orbifold, and
As a set, the underlying topological space X × Y X ′ is given by (4), as for fibre products of orbifolds.
Let
Here
′ is the fibre product of orbifolds, and
Coordinate changes between Kuranishi neighbourhoods in X, X ′ induce coordinate changes between neighbourhoods (5). So the systems of germs of Kuranishi neighbourhoods and coordinate changes on X, X ′ induce such systems varying continuously over V p , where 'Λ top E' for an orbibundle E means the top exterior power Λ rank E E. These must be compatible with coordinate changes, in the following sense. Let q ∈ Im ψ p , (V q , . . . , ψ q ) be sufficiently small in the germ at q, and (φ pq ,φ pq ) be the coordinate change from (V q , . . . , ψ q ) to (V p , . . . , ψ p ) in the germ. Define dŝ p near s
Orientations and orientation conventions
q (0) ⊆ V q , and we require that (dŝ p ) * should take the given orientation on
An oriented Kuranishi space is a Kuranishi space with an orientation.
Suppose X, X ′ are oriented Kuranishi spaces, Y is an oriented orbifold, and
Then by §2.3- §2. 4 we have Kuranishi spaces ∂X and X × Y X ′ . These can also be given orientations in a natural way. We shall follow the orientation conventions of Fukaya et al. [9, §45] . Convention 2.9. First, our conventions for manifolds:
(a) Let X be an oriented manifold with boundary ∂X. Then we define the orientation on ∂X such that T X| ∂X = R out ⊕ T (∂X) is an isomorphism of oriented vector spaces, where R out is oriented by an outward-pointing normal vector to ∂X.
(b) Let X, X ′ , Y be oriented manifolds, and f :
are surjective maps of vector bundles over X, X ′ . Choosing Riemannian metrics on X, X ′ and identifying the orthogonal complement of Ker df in T X with the image f * (T Y ) of df , and similarly for f ′ , we have isomorphisms of vector bundles over X, X ′ :
Define orientations on the fibres of Ker df , Ker df ′ over X, X ′ such that (6) are isomorphisms of oriented vector bundles, where T X, T X ′ are oriented by the orientations on X, X ′ , and
by the orientation on Y . Then we define the orientation on X × Y X ′ so that
is an isomorphism of oriented vector bundles. Here
These extend immediately to orbifolds. They also extend to the Kuranishi space versions in Definitions 2.6 and 2.7; for Definition 2.7 they are described in [9, Conv. 45.1 (4)]. An algorithm to deduce Kuranishi space orientation conventions from manifold ones is described in [11, §3.3] .
If X is an oriented Kuranishi space, we often write −X for the same Kuranishi space with the opposite orientation. Here is [11, Prop. 3 
and
(
(c) For
Almost complex and almost CR structures
In [11, §3.7] we define almost complex structures and almost CR structures on Kuranishi spaces. We give a simplified version of these definitions sufficient for the applications in §3.3 and [13] , in which we take the Kuranishi spaces X to be without boundary, or without corners, and consider only almost CR structures of codimension one.
Definition 2.11. Let V be an orbifold without boundary and E → V an orbibundle. An almost complex structure
Let (X, κ) be a Kuranishi space, without boundary or corners. An almost complex structure (J , K) on (X, κ) assigns for all p ∈ X and all sufficiently small (V p , E p , s p , ψ p ) in the germ of κ at p, an almost complex structure J p on V p , and an almost complex structure K p on E p → V p . These choices must satisfy the following conditions. For all p ∈ X, for all (V p , . . . , ψ p ) sufficiently small in the germ of κ at p with almost complex structures J p , K p , for all q ∈ Im ψ p , and for all sufficiently small (V q , . . . , ψ q ) in the germ of κ at q with complex structures J q , K q , if (φ pq ,φ pq ) is the coordinate change from (V q , . . . , ψ q ) to (V p , . . . , ψ p ) in the germ of coordinate changes of κ, then:
We generalize this to almost CR structures on Kuranishi spaces. Let (X, κ) be a Kuranishi space with boundary, but without corners. An almost CR structure (D, J, K) on (X, κ) of codimension one assigns for all p ∈ X and all sufficiently small (V p , E p , s p , ψ p ) in the germ of κ at p, an almost CR structure (D p , J p ) on V p of codimension one, and an almost complex structure K p on E p → V p , satisfying the analogues of Definition 2.11(a)-(c).
The condition D| ∂V = T (∂V ) above implies that we may restrict (D, J, K) to ∂X to get an almost complex structure (J | ∂X , K| ∂X ) on ∂X.
The importance of these definitions is that in [11, Th. 
Kuranishi bordism
We now summarize the ideas of [11, §5] on Kuranishi bordism. This comes in two flavours, Kuranishi bordism groups KB * (Y ; R), and almost complex Kuranishi bordism KB ac * (Y ; R). They are based on the classical bordism theory introduced by Atiyah [2] , which we sketch in §3.1.
Classical bordism groups
Bordism groups were introduced by Atiyah [2] , and Connor [5 
(ii) suppose Z is a compact, oriented (k + 1)-manifold with boundary but without corners, and g : Z → Y is smooth. Then [∂Z,
Here is how this definition relates to those in [2, 5] . When Y is a manifold and 
Kuranishi bordism groups
Motivated by §3.1, following [11, §5.2] we define: Definition 3.2. Let Y be an orbifold without boundary. Consider pairs (X, f ), where X is a compact oriented Kuranishi space without boundary or corners, and f : X → Y is a strong submersion. An isomorphism between two pairs (X, f ), (X,f ) is an orientation-preserving strong diffeomorphism i : X →X with f =f • i. Write [X, f ] for the isomorphism class of (X, f ).
Let R be a commutative ring. For each k ∈ Z, define the k th Kuranishi bordism group KB k (Y ; R) of Y with coefficients in R to be the R-module of finite R-linear combinations of isomorphism classes [X, f ] for which vdim X = k, with the relations:
(ii) suppose Z is a compact oriented Kuranishi space with boundary but without corners, with vdim Z = k + 1, and g : Z → Y is a strong submersion. Then [∂Z, g| ∂Z ] = 0.
Elements of KB k (Y ; R) will be called Kuranishi bordism classes.
Definition 3.3. In the situation of Definition 3.2, suppose also that Y is oriented and of dimension n. Define the intersection product
for A, B finite and ρ a , σ b ∈ R. Here X a × f a ,Y,f bX b is the fibre product of §2.4, which is a compact Kuranishi space as X a ,X b are, and oriented without boundary as X a ,X b , Y are, and π Y : X a × f a ,Y,f bX b → Y is the projection from the fibre product, which is a strong submersion as f a ,f b are. To show • is welldefined we must check that (10) takes relations
To make • into a graded map we should take KB * (Y ; R) to be graded by codimension rather than dimension. That is, we define the degree of α ∈ KB k (Y ; R) to be deg α = n − k, and then deg(α • β) = deg α + deg β. If α ∈ KB k (Y ; R) and β ∈ KB l (Y ; R) then Proposition 2.10(a) implies that 
Here X Y a is X a equipped with an alternative Kuranishi structure, which roughly speaking adds copies of f * a (T Y ) to both the tangent bundle and obstruction bundle of X a . Also f 
Almost complex Kuranishi bordism groups
We can also define Kuranishi bordism groups including almost complex structures [11, §5.3] , using the ideas of §2.6. Definition 3.5. Let Y be an orbifold without boundary. Consider triples X, (J, K), f , where X is a compact oriented Kuranishi space without boundary or corners, (J , K) an almost complex structure on X, and f : X → Y a strong submersion. The orientation on X need not match that induced by (J , K). An isomorphism i : X, (J , K), f → X , (J ,K),f is an orientationpreserving strong diffeomorphism i : X →X with i * (J , K) = (J ,K) and f =f • i. Write X, (J, K), f for the isomorphism class of X, (J , K), f .
Let R be a commutative ring. For each k ∈ Z, define the k th almost complex Kuranishi bordism group KB ac k (Y ; R) of Y with coefficients in R to be the Rmodule of finite R-linear combinations of isomorphism classes X, (J, K), f for which vdim X = k, with the relations:
(ii) Let Z be a compact oriented Kuranishi space with boundary but without corners, with vdim Z = k+1, and (D, J , K) be an almost CR structure on Z of codimension one, and g : Z → Y be a strong submersion. As in §2. 6 we may restrict (D, J, K) to an almost complex structure (J | ∂Z , K| ∂Z ) on ∂Z. We require that ∂Z,
We do not define a product • on KB ac * (Y ; R), since if X a , (J a , K a ), f a ∈ KB ac * (Y ; R) for a = 1, 2 we do not have a good way to define an almost complex structure on X 1 × f 1 ,Y,f 2 X 2 using (J 1 , K 1 ) and (J 2 , K 2 ). Almost complex Kuranishi bordism groups should have important applications in closed GromovWitten theory. In [11, §5.4] we defined almost complex Gromov-Witten bordism invariants, generalizations of Gromov-Witten invariants which lie in almost complex Kuranishi bordism groups, and contain more information than conventional Gromov-Witten invariants. The author is working on a proof [12] of the integrality conjecture for Gopakumar-Vafa invariants using almost complex Kuranishi bordism and these new invariants.
Kuranishi homology
Kuranishi homology [11, §7] is a homology theory of orbifolds Y in which the chains are isomorphism classes [X, f , G], where X is a compact oriented Kuranishi space, f : X → Y a strong submersion, and G some extra data called gauge-fixing data. There are two forms of it, Kuranishi homology KH * (Y ; R) with coefficients in a commutative ring R, and weak Kuranishi homology KH we * (Y ; R) with coefficients in a Q-algebra R.
Weak Kuranishi homology KH we * (Y ; R) is isomorphic to singular homology H si * (Y ; R). Thus, weak Kuranishi homology can be used as a substitute for singular homology in many symplectic geometry problems involving J-holomorphic curves, such as open and closed Gromov-Witten invariants and Lagrangian Floer homology. But weak Kuranishi homology is considerably easier to use in these problems, as it eliminates the need for transverse perturbations of moduli spaces, multisections, and virtual moduli chains and cycles.
Gauge-fixing data
Let X be a compact Kuranishi space, Y an orbifold, and f : X → Y a strongly smooth map. Write P for the space of real polynomials p(t) with p(0) = 1, and P n for be the subspace of p with deg p n, so that P n ∼ = R n as affine vector spaces. A key ingredient in the definition of (weak) Kuranishi homology in [11] is the idea of gauge fixing data G for (X, f ) studied in [11, §6] . This consists of a cover of X by Kuranishi neighbourhoods (V i , E i , s i , ψ i ) for i in a finite indexing set I, together with smooth maps f i : V i → Y representing f and G i : E i → P n ⊂ P for some n ≫ 0, and continuous partitions of unity
, satisfying many conditions. One important condition, responsible for Theorem 4.1(b) below, is that each G i : E i → P should be a finite map, that is, (G i ) −1 (p) is finitely many points for all p ∈ P . Users of Kuranishi homology do not need to know exactly what gauge-fixing data is, so we will not define it. Here are the important properties of gaugefixing data, which are proved in [11, §6] . It took a lot of work to find a definition satisfying all these properties. 
(c) Suppose G is gauge-fixing data for (X, f ) and Γ is a finite subgroup of Aut(X, f , G). Then we can form the quotientX = X/Γ, a compact Kuranishi space, with projection π : X →X, and f pushes down tõ f :X → Y with f =f •π. As in [11, Def. 6.7] , we can define gauge-fixing dataG for (X,f ), which is the natural push down π * (G) of G toX.
(d) If G is gauge-fixing data for (X, f ), it has a restriction G| ∂X defined in [11, Def. 6.7] , which is gauge-fixing data for (∂X, f | ∂X ).
(e) Let (X, f ) be a pair and σ : 
This construction is symmetric, in that it yields isomorphic extra data for
These properties also have straightforward generalizations to multiple fibre products involving more than one orbifold Y, such as (8) and (9).
Kuranishi homology
We can now define the Kuranishi homology of an orbifold, [11, Def.s 7.1 & 7.2].
Definition 4.2. Let Y be an orbifold. Consider triples (X, f , G), where X is a compact oriented Kuranishi space, f : X → Y is a strong submersion, and G is gauge-fixing data for (X, f ). Write [X, f, G] for the isomorphism class of (X, f , G) under isomorphisms (a, b) : (X, f , G) → (X,f ,G), where a must identify the orientations of X,X, and b lifts a to the Kuranishi neighbourhoods (V i , . . . , ψ i ), (Ṽ i , . . . ,ψ i ) in G,G. Let R be a commutative ring, for instance Z, Q, R or C. For each k ∈ Z, define KC k (Y ; R) to be the R-module of finite R-linear combinations of isomorphism classes [X, f , G] for which vdim X = k, with the relations: (i) Let [X, f , G] be an isomorphism class, and write −X for X with the opposite orientation. Then in KC k (Y ; R) we have
(ii) Let [X, f, G] be an isomorphism class, and suppose there exists an isomor-
(iii) Let [X, f , G] be an isomorphism class. Suppose that X may be written as a disjoint union X = X + ∐ X − of compact oriented Kuranishi spaces, and that for each Kuranishi neighbourhood (V i , . . . , ψ i ) for i ∈ I in G we may write
Then we may define gauge-fixing data G| X± for (X ± , f | X± ), with Kuranishi neighbourhoods
Elements of KC k (Y ; R) will be called Kuranishi chains.
Define the boundary operator
where A is a finite indexing set and ρ a ∈ R for a ∈ A. This is well-defined and satisfies
Suppose further that Y is oriented without boundary and of dimension n. Define an R-bilinear intersection product
For γ ∈ KC k (Y ; R), δ ∈ KC l (Y ; R) and ǫ ∈ KC m (Y ; R) we have
Weak Kuranishi homology
Weak Kuranishi homology [11, Def. 7.7] is the same as Kuranishi homology, except that we add an extra relation (iv) in defining the chains KC we * (Y ; R). (iv) Let [X, f , G] be an isomorphism class, and suppose Γ is a finite group of isomorphisms (a, b) : (X, f , G) → (X, f , G) with each a : X → X orientation-preserving. Then Γ acts on X, andX = X/Γ is a compact oriented Kuranishi space, with a projection π : X →X. As in Theorem 4.1(c), f , G push down to a strong submersion π * (f ) =f :X → Y and gauge-fixing data π * (G) =G for (X,f ). We impose the relation
Elements of KC we k (Y ; R) will be called weak Kuranishi chains. We require R to be a Q-algebra so that the factor
Suppose Y is oriented without boundary and of dimension n. Define associative intersection products (14) and (15). Now let Y be an orbifold, and R a commutative ring. For k ∈ Z define
where π : R → R ⊗ Z Q is the natural ring morphism. These satisfy Π we Kh • ∂ = ∂ • Π we Kh , so they induce morphisms of homology groups
These Π we Kh commute with products •, on both chains and homology.
Relations between singular and Kuranishi homology
Let Y be an orbifold, and R a commutative ring. Then we can define the singular homology groups H si k (Y ; R), as in Bredon [3, §IV] . Write C si k (Y ; R) for the R-module spanned by smooth singular k-simplices in Y , which are smooth maps σ : ∆ k → Y , where ∆ k is the k-simplex
As in [3, §IV.1] , the boundary operator ∂ :
where Requiring R to be a Q-algebra in (20), in [11, Def. 7 .8] we define morphisms
by Π *
Here ∆ Y k is ∆ k equipped with an alternative Kuranishi structure, as in (11), and σ 
with R a Q-algebra in (23). These and the morphisms Π we Kh of (17)- (18) satisfy
on both chains and homology. Suppose Y is oriented without boundary and of dimension n. Then Bredon [3, §VI.11] defines an intersection product Here is [11, Th. 7.9] , the most important result of [11] . [11] . The problem is to construct an inverse for Π we si in (23). This is related to Fukaya and Ono's construction of virtual cycles for compact oriented Kuranishi spaces without boundary in [10, §6] , and uses some of the same ideas -in fact, Fukaya and Ono's results imply the existence of a morphism Π 
Relating Kuranishi bordism and Kuranishi homology
We can project Kuranishi bordism to Kuranishi homology groups, [11, §7.4] . Definition 4.6. Let Y be an orbifold without boundary, and R a commutative ring. For k ∈ Z define
where G a is some choice of gauge-fixing data for (X a , f a ), which exists by 
where Π Kb bo is as in (11), and (Π 
Why we need gauge-fixing data
The following example [11, Ex. 7.4] illustrates what goes wrong if we omit gaugefixing data from the definitions of §4.2- §4.3.
Example 4.8. Suppose we omitted gauge-fixing data in Definition 4.2, and took chains to be generated by isomorphism classes [X, f ]. Take Y to be a point {0}, and for any Kuranishi space X write π : X → Y for the trivial projection. Let L → CP 1 be the complex line bundle O(1). Define the Kuranishi space X k for k ∈ Z to be the topological space CP 1 with the Kuranishi structure induced by the Kuranishi neighbourhood (CP 1 , L k , 0, id CP 1 ), with obstruction bundle L k → CP 1 , and the obvious orientation. Then vdim X k = 0, and ∂X k = ∅, so [X k , π] defines a class [X k , π] in the modified group KH 0 (Y ; R) with gaugefixing data omitted.
When k 0 we can choose a generic smooth section s of L k → CP 1 which has exactly k zeroes x 1 , . . . , x k , each of multiplicity 1. Let t be the coordi-
is a Kuranishi neighbourhood on (ts) −1 (0), making it into a Kuranishi space of virtual dimension 1. By taking the boundary of this we see that 
Then V is a compact oriented 3-manifold with corners, and ∂V is the disjoint union of three pieces, a copy of CP 1 with t = 2, the hemisphere
Define the Kuranishi space W k for k ∈ Z to be the topological space V with the Kuranishi structure induced by the neighbourhood (V, π * (L k ), 0, id V ), where π : V → CP 1 is the projection. Define Kuranishi spaces X + , X − to be the topological spaces H + , H − with the Kuranishi structure induced by the Kuranishi neighbourhoods (H ± , L 0 , 0, id H± ). Now the line bundles
Thus there is an isomorphism of oriented Kuranishi spaces The reason this example goes so badly wrong is that the Kuranishi space ∂X + = −∂X − , the circle C with Kuranishi neighbourhood (C, R 2 × C, 0, id C ), has a large automorphism group, including topologically nontrivial automorphisms which fix C but rotate the fibres of the obstruction bundle R 2 × C by a degree l smooth map C → SO(2). Thus, by cutting X k into two pieces X + , X − and then gluing them together again twisted by such a nontrivial automorphism, we can get X k+l for any l ∈ Z, which forces [ 
. In fact they are much bigger than this. We will now explain that in general KH k (Y ; R), KB k (Y ; R), KB ac k (Y ; R) are huge, even when Y is a point, and can be nonzero even when k < 0 or k > dim Y .
The reason for this is that in chains
there is a lot of information stored in the orbifold strata of X a for a ∈ A, roughly speaking, in Kuranishi subspaces X Γ a of points p ∈ X a whose stabilizer groups Stab(p) contain Γ. Much of this information survives to the homology class is a piece of the orbifold stratum of X a with stabilizer group Γ. They are based on [11, Rem. 5.7(c)], which discusses a similar idea for KB ac * (Y ; R), and will be important in [12] . Variations on this technique work for each of KB ac * , KB * , KH * (Y ; R). Using these functors and Theorem 4.4, we can show that KH k (Y ; R) is very large (at least for all even k), using the compositions (Π 
